ABSTRACT For this paper, to consider both Bonferroni mean (BM) operator and two-tuple linguistic Pythagorean fuzzy numbers (2TLPFNs), we combine the weighted BM (WBM) operator, the generalized WBM (GWBM) operator, and the dual GWBM operator with 2TLPFNs to propose the two-tuple linguistic Pythagorean WBM (2TLPFWBM) operator, the 2TLPFWGBM operator, the generalized 2TLPFWBM (G2TLPFWBM) operator, the generalized 2TLPFWGBM operator, the dual G2TLPFWBM operator, and the dual G2TLPFWGBM operator. Then, some MADM procedures are developed based on these operators. At last, an applicable example for a safety assessment of construction project is given.
I. INTRODUCTION
Pythagorean fuzzy set (PFS) [1] , [2] is the generalization of the intuitionistic fuzzy set(IFS) which the square sum of the membership degree(MD) and the non-membership degree(NMD) is equal or less than 1. The PFS is proved to be more flexible than IFS since it has greater space than that of IFS. Hence, PFS can deal with the situations that can't be dealt with by the IFS. The PFS has received more and more attention, which has been investigated and applied broadly [3] - [12] . Some MADM methods in PFS have been developed. TOPSIS method was extended to solve MADM problems in PFS [13] - [18] . Ren et al. [19] developed the Pythagorean fuzzy TODIM approach which consider the DMs' psychological behaviors. Zhang [20] proposed the hierarchical QUALIFLEX approach in PFS. Chen [21] developed the Pythagorean fuzzy VIKOR models. Peng and Dai [22] studied the Pythagorean fuzzy stochastic MADM with prospect theory. Xue et al. [23] studied the Pythagorean Fuzzy LINMAP model with entropy theory. Wan et al. [24] studied Pythagorean fuzzy mathematical programming mean for MAGDM with Pythagorean fuzzy truth degrees. Garg [25] proposed linear programming for MADM with interval-valued PFS. Liang et al. [26] gave the projection method for MAGDM with PFNs based on GBM. Peng and Yang [27] proposed the MABAC Method for MAGDM with PFNs. Some information measures were investigated by many scholars [10] , [22] , [28] - [32] . Information aggregation operators are of great importance to the application of MADM and decision support [33] - [49] . The PFS had been generalized to accommodate interval values [50] , linguistic arguments [51] - [55] , hesitant fuzzy value [56] , [57] , etc.
Although, PFSs theory has been broadly applied to many domians, however, all the above approaches are unsuitable to depict the MD and NMD of an element to a set by 2TLSs. In order to overcome this issue, we develop the definition of 2TLPFSs based on the PFS [1] , [2] and 2TLSs [58] . And Bonferroni mean (BM) [59] - [61] is a famous aggregation operator which can depict interrelationships between any two arguments. Thus, the BM can supply a flexible mode to deal with the information fusion problem to solve MADM problems. Because 2-tuple linguistic Pythagorean fuzzy numbers (2TLPFNs) can easily describe the fuzzy information, and the BM can capture interrelationships between any two arguments, it is necessary to extend the BM operator to deal with the 2TLPFNs. The paper's goal is to expend some BM operators with 2TLPFNs, then to study some properties of these operators, and applied them to cope with the MADM with 2TLPFNs.
The structure of our article is organized as follows. Section 2 develops the 2TLPFSs. Section 3 combines 
C. 2TLPFSS
Definition 2: Assume that P = {p 0 , p 1 , . . . , p t } is a 2TLSs. If p = {(s φ , ϕ), (s θ , ϑ)} is defined for (s φ , ϕ), (s θ , ϑ) ∈ P and ϕ, ϑ ∈ [0, t], where (s φ , ϕ)and(s θ , ϑ) express independently the MD and NMD by 2TLSs, then 2TLPFSs is:
where 0 ≤ −1 (sφ,ϕ) 
Definition 3:
Assume that p = s φ , ϕ , s θ 1 , ϑ is a 2TLPFN, then the score function s (p) and accuracy function h(p) can be defined:
h(p) 
Theorem 1: Assume that p i = (s φ i , ϕ i ), s θ i , ϑ i is a group of 2TLPFNs. The fused result by 2TLPFWBM operator is a 2TLPFN, (8) , as shown at the top of the next page.
Proof: ; 
Thus, (11) , as shown at the top of the next page. Thereafter, (12) , as shown at the top of the next page. Thus, (13) , as shown at the top of the next page. Furthermore, (14) , as shown at the top of the next page. Therefore, (15) , as shown at the top of the page 5. Hence, (8) is satisfied.
Then we give the proving process of that (8) is also a 2TLPFN.
, as shown at the top of the next page.
Proof:
Then, (17) and (18) , as shown at the top of the next page. By the same way, we can get 0 ≤ −1 (s θ ,ϑ) t ≤ 1. so 1 is right.
≤ 1, we get the following inequality
as shown at the top of the page 6. That means 0 ≤ −1 s φ , ϕ
2)} be two 2TLPFNs, (α,β) =(2,3),ω=(0.4,0.6) according to (8) , we have 2TLPFWBM 
. . , p m ), as shown at the top of the page 7.
Property 2 (Monotonicity): 
Thereafter, (23) , as shown at the next page. Furthermore, (24) , as shown at the next page.
By the same way, we have
So property 2 is right.
Property 3(Boundedness): 
We expand WGBM to 2TLPFNs and develop 2TLPFWGBM operator.
Definition 10:
. . , m) be a group of 2TLPFNs with their weight be w i = (w 1 , w 2 , . . . , w n ) T , thereby satisfying w i ∈ [0, 1] and
be a group of 2TLPFNs. The fused result by 2TLPFWGBM operator is also a 2TLPFN where, (28) , as shown at the top of the next page.
Thus, (31) , as shown at the top of the next page. Therefore, (32) , as shown at the top of the next page. Then, (33) , as shown at the top of the next page. Thereafter, (34) , as shown at the top of the page 10. Furthermore, (35) , as shown at the top of the page 10. Hence, (28) is proven. Then we give the proving process of that (28) is also a 2TLPFN.
, as shown at the top of the page 10.
Then, (37) and (38), as shown at the top of the page 11. That
as shown at the top of the page 11. That means 0 ≤ −1 (sφ,ϕ) 
IV. THE G2TLPFWBM AND G2TLPFWGBM OPERATORS A. G2TLPFWBM OPERATOR
This section fuses the GBM operator proposed by Beliakov et al. [60] and the GWBM operator proposed by Zhu et al. [62] with the 2TLPFNs.
Definition 11 [62] : Let α, β, γ > 0 and
be a group of non-negative real values, the weights being
T , thereby satisfying 0 ≤ ω i ≤ 1 and
We expand GWBM to 2TLPFNs and propose generalized 2TLPFWBM (G2TLPFWBM) operator. (43) , as shown at the next page.
Definition 12:
Theorem 3: Let p i = (s φ i , ϕ i ), s θ i , ϑ i be a group of 2TLPFNs. The fused result by G2TLPFWBM operator is also a 2TLPFN, (44) , as shown at the next page.
Proof: Equations (45)- (47), as shown at the next page.
Thus, (48) , as shown at the top of the page 13. Thereafter, (49) , as shown at the top of the page 13. Furthermore, (50) , as shown at the top of the page 13. Then, (51) , as shown at the top of the page 13. Therefore, (52) , as shown at the top of the page 14. Hence, (44) is proven.
Then we give the proving process of that (44) is also a 2TLPFN.
Then, (54) and (55) 
as shown at the top of the next page. That means is maintained. The G2TLPFWBM operator has three properties.
Property 7 (Idempotency):
Proof: 
Thereafter, (60) , as shown at the next page. Furthermore, 
So property 8 is correct.
Property 9 (Boundedness):
From property 7,
To pay attention to the attribute weights, the generalized WGBM (GWGBM) operator is: Definition 13 [62] : Let α, β, γ > 0 and (b 1 , b 2 , · · · , b m ) be a group of non-negative real values, the weights vector
Then we expand GWGBM to 2TLPFNs and propose generalized 2TLPFWGBM (G2TLPFWGBM) operator.
Definition 14: Assume that p i = (s φ i , ϕ i ), s θ i , ϑ i is a group of 2TLPFNs, and their weight vector is w i = (w 1 , w 2 , . . . , w m ) T , thereby satisfying 0
Theorem 4: Assume that p i = (s φ i , ϕ i ), s θ i , ϑ i is a group of 2TLPFNs. The fused value by G2TLPFWGBM operators is a 2TLPFN where, (65) , as shown at the next page.
Proof: Equations (66)- (68), as shown at the next page. Thus, (69) , as shown at the next page. Therefore, (70) , as shown at the next page. Thereafter, (71) , as shown at the top of the page 19. Then, (72) , as shown at the top of the page 19. Furthermore, (73) , as shown at the top of the page 19. Hence, (65) is proven.
Then we give the proving process of that (65) is also a 2TLPFN.
, as shown at the page 20.
Then, (75) and (76) 
shown at the page 20. That means is maintained. The G2TLPFWGBM has three properties.
Property 10 (Idempotency):
If p i = (s φ i , ϕ i ), s θ i , ϑ i are equal, then G2TLPFWGBM α,β,γ ω (p 1 , p 2 , · · · , p m ) = p(77)
Property 11 (Monotonicity):
Let p x i = {(s φ x i , ϕ x i ), (s θ x i , ϑ x i )} and p y i = {(s φ y i , ϕ y i ), (s θ y i , ϑ y i )} be two sets of 2TLPFNs.
Property 12 (Boundedness):
Let p i = (s φ i , ϕ i ), s θ i , ϑ i be a set of 2TLPFNs. If p + = max i S φ i , ϕ i , min i S θ i , ϑ i and p − = min i S φ i , ϕ i , max i S θ i , ϑ i then p − ≤ G2TLPFWGBM α,β,γ ω (p 1 , p 2 , · · · , p m ) ≤ p + (79)
V. DG2TLPFWBM AND DG2TLPFWGBM OPERATORS A. DG2TLPFWBM OPERATOR
Zhang et al. [63] proposed the dual GWBM (DGBM).
Definition 15 [63] : Assume that (b 1 , b 2 , · · · , b m ) be a group of non-negative real values, the weights vector is 
Then we expand DGWBM R w to 2TLPFNs and propose dual G2TLPFWBM (DG2TLPFWBM) operator.
Definition 16: Let p i = (s φ i , ϕ i ), s θ i , ϑ i be a group of 2TLPFNs. The DG2TLPFWBM operator is:
, s θ i , ϑ i be a group of 2TLPFNs. The fused value by g DG2TLPFWBM VOLUME 6, 2018
operators is o a 2TLPFN where, (82) , as shown at the top of this page.
Proof: Equation (83), as shown at the top of this page. Thus,
Thereafter, (85), as shown at the next page. Furthermore, (86), as shown at the next page. Then, (87), as shown at the next page. Therefore, (88), as shown at the next page. Hence, (82) is proven.
Then we give the proving process of that (82) is also a 2TLPFN.
, as shown at the top of the page 23.
Then,
Furthermore,
Therefore, (92), as shown at the top of the page 23. By the same, we can get 0 ≤ −1 (s θ ,ϑ) t ≤ 1.
shown at the top of the page 23. That means is maintained. The DG2TLPFWBM operator has two properties.
Property 13 (Monotonicity):
Thereafter,
Furthermore, (97) and (98), as shown at the top of this page. By the same, we have
So property 13 is correct.
Property 14 (Boundedness):
From theorem 5, we can obtain DG2TLPFWBM
as shown at the next page. From property 13,
In order to pay attention to the attribute weights, the dual GWGBM (DGWGBM) is: Definition 17 [63] : Assume that (b 1 , b 2 , · · · , b m ) be a group of non-negative real values, the weights vector is
Then we expand DGWGBM to 2TLPFNs and propose dual G2TLPFWGBM (DG2TLPFWGBM) operator. 
Proof: Equation (103) Then we give the proving process of that (102) is also a 2TLPFN.
, as shown at the top of the page 27. VOLUME 6, 2018 
VI. PRACTICAL APPLICATION OF THE PROPOSED OPERATORS A. ILLUSTRATIVE EXAMPLE
The current safety situation of construction in our country is still not optimistic, large-scale construction of the huge investment and large numbers of participants in construction would easily result in more serious accidents. Frequent construction accidents, would not only increase the cost of construction enterprises, result in waste of social resources, but also threaten people's lives. Safety evaluation for construction projects could help construction companies effectively forecast dangerous factors in order to put forward reasonable measures to prevent accidents occurring. So the research in this paper has important theoretical and practical meaning. Thus, we propose a numerical example to select best construction projects with 2TLPFNs. There are five possible construction projects A i (i = 1, 2, 3, 4, 5) to choose and four attribute to assess these construction projects: 1 G 1 is the human factors in construction projects; 2 G 2 is the building materials and equipment factors; 3 G 3 is the 
Step 1: In accordance with 2TLPFNs r ij (i = 1, 2, 3, 4, 5, j = 1, 2, 3, 4), we fuse all 2TLPFNs r ij by 2TLPFWAA (2TLPFWGA) operator to calculate the overall 2TLPFNs A i (i = 1, 2, 3, 4, 5) of the construction projects A i . The fused values are listed in Table4.
Step 2: By table 4, we fuse all 2TLPFNs r ij with the DG2TLPFWBM (DG2TLPFWGBM) operator to get the aggregation values of the construction projects A i . Suppose that P = (2, 2, 2, 2), then the results are in Table5.
Step 3: According to the score function and Table 5 , we can get the score values of the construction projects which listed in Table 6 .
Step 4: By Table 6 and the order of the construction projects are listed in Table 7 .
VII. INFLUENCE ANALYSIS
By altering parameters of P in the DG2TLPFWBM (DG2TLPFWGBM) operators, we can depict the effects on the ordering, the calculating results are shown as follows.
VIII. COMPARATIVE ANALYSIS
In this section, we compare DG2TLPFWBM, DG2TLPFW-GBM method with LPFWAA and LPFWGA operator [64] .
From above analysis, we can have the same best construction project. However, the LPFWAA and LPFWGA operator have the shortcoming to consider the interrelationship between 2TLPFNs. The DG2TLPFWBM and DG2TLPFW-GBM operators can overcome the shortcoming to consider the relationship among the 2TLPFNs.
IX. CONCLUSION
Considering the relationship among the 2TLPFNs, we utilize the WBM operator, GWBM operator and DGWBM operator to propose some BM operators with 2TLPFNs: 2TLPFWBM operator, 2TLPFWGBM operator, G2TLPFWBM operator, G2TLPFWGBM operator, DG2TLPFWBM operator, and DG2TLPFWGBM operator. Shortcomings have been overcome by considering relationship of 2TLPFNs. We present the new MADM method based on the new aggregation operators. Numerical example for safety assessment of construction project has been proposed to illustrate the new method and some comparisons are also conducted to further illustrate advantages of the new method. In subsequent studies, the application and methods of 2TLPFNs needs to be investigated in the any other uncertain decision making environments [65] - [82] .
